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I. RUNGE-LENZ VECTOR AND THE HYDROGEN ENERGY SPECTRUM
The Pauli method of quantizing the Hydrogen system using the Runge-Lenz vector is ingenious. [1] The energy spectrum is identical with the the one obtained from the Schrödinger equation [2] and the consistency contributed greatly to the development of Quantum Mechanics in the early days. Some early development along this line can be found in [3] .
Since the Runge-Lenz vector is a vector and it commutes with the Hamiltonian, it is natural to use it to connect energy eigenstate |n, l, m with other degenerate states |n, l ± 1, m ′ . It will be interesting to use it obtain the corresponding wave functions and to show explicitly that they are identical to the results obtained from the Schödinger equation. As we shall see they recursive relations of radial wave functions can be obtained. They are consistent with the results obtained by factorized the Schrödinger equation [4] [5] [6] [7] (see also [8] ). Nevertheless we believe that the present approach is more natural as it makes good use of the Runge-Lenz vector, a conserved vector of the system. In other words, we provide a reasoning for the factorization results. The wave functions of the whole spectrum can be obtained easily. We will briefly discuss the E > 0 case and see that the corresponding wave functions can also be verified. As in the Pauli analysis, group theory or symmetry plays a prominent role in the present analysis.
The lay our of this paper is as following. In the first section we briefly go through the derivations of the Hydrogen spectrum 1 and will concentrate on obtaining wave function via the Rune-Lenz vector in the next section, which is followed by a conclusion. An appendix is added for the derivation of some relevant matrix elements using group theory.
A. Runge-Lenz vector
The Hamiltonian of the Hydrogen atom is given by
with κ ≡ Ze 2 /4πǫ 0 . The Runge-Lenz vector is defined as:
The Runge-Lenz vector satisfies the following relations: [1]
1 Our derivations follow closely to those in Ref. [10] .
Note that the Runge-Lenz vector is a conserved operator. The above relations will be useful in obtaining the Hydrogen energy spectrum. [1] B. Hydrogen energy spectrum
The eigenvalue equation of the Hydrogen Hamiltonian is given by
where we only consider the E < 0 case here and α is a possible quantum number. The set of the eigenstates {|E, α , |E, β . . . } with E fixed spans the degenerate space of eigenstates all having the same energy. From Eq. (4), we know that the Hamiltonian commutes with L and A. Hence, it is useful to define the following matrices:
and the relations in Eqs. (3), (5) and (6) correspond to the following relations of matrices:
and
With the following definition
the above equations become
and 
Eq. (15) becomes
It is clear that B and they satisfy the usual rotation group [SO (3)] algebra. Conventionally the simultaneous eigenstates in the |α space are choosen to be the eigenstates of the following mutual commuting matrices:
We can now return to the usual Dirac notation. The corresponding eigenvalue equations are
with
Hence, we have (
Eq. (20) implies the following relation:
The energy eigenvalue E = E n can now be obtained as [1] 
with n defined as n ≡ 2b + 1 = 1, 2, 3, .... It will be useful to define the (reduced) Bohr radius, a 0 ≡ 4πǫ 0h 2 /e 2 µ = (h/µc)/α = Zh 2 /κµ, where α ≡ e 2 /4πǫhc ≃ 1/137 is the fine structure constant. The energy spectrum obtained by Pauli [1] is consistent with the one obtained from the Schrödinger equation [2] and the consistency contributed significantly to the development of Quantum Mechanics in the early days.
II. HYDROGEN ATOM ENERGY EIGENSTATE
A. Connecting degenerate states using the Runge-Lenz vector
Since the Runge-Lenz vector is a vector and it commutes with the Hamiltonian, it is natural to use it to connect energy eigenstate |n, l, m with other degenerate states |n, l ± 1, m ′ , |n, l, m ′ . As shown in the previous section the energy eigenstates of the Hydrogen system are |n, b = (n − 1)/2, m (+) , m (−) , which satisfy
In general these eigenstates do not have specified angular momentum quantum numbers and are different from the energy eigenstates in a more familiar basis:
with −l ≤ m ≤ l.
Since the angular momentum can be obtained through the following equation, see Eq. (16),
with B (+) and B (−) viewed as two independent spin operators, the |n, l, m state can be constructed as in the analysis of the addition of angular momentum:
where
Note that the minimum of l is |(n − 1)/2 − (n − 1)/2| = 0, while the maximum is (n − 1)/2 + (n − 1)/2 = n − 1. These are consistent with the result obtained by using the Schödinger equation.
The Runge-Lenz vector A commutes with the Hamiltonian H. It can connect eigenstate |n, lm with other degenerate energy eigenstates |n, l ± 1, m ′ , |n, l, m ′ . To proceed we define
From Eq. (16), we have
where we apply A − on the m = l state, which is found to be useful in obtaining the radial wave function in later discussion.
Using the familiar formula of non-vanishing matrix elements of lowering operator
with m (±) summed. Possible non-vanishing matrix elements are for l ′ = l, l ± 1 as B (±) are vector operators. Using group theory the above matrix elements (for l ′ = l, l ± 1) are found to be
where the derivation are shown in Appendix A. Note that the above results also hold for the l = 0 case, where the equation implies that n, l − 1, l − 1|B
− |n, l, l and n, l, l − 1|B
− |n, l, l are vanishing as they should. Using the above equation, the corresponding matrix elements of A − are given by
where we have made use of −2µE n /h 2 = κ 2 µ 2 /h 4 n 2 = (Z/na 0 ) 2 . Substitute them into Eq. (28),
we finally obtain our master formula:
Note that as in the Pauli analysis, the above master formula follows from group theory or symmetry. As we shall see the above equation can provides recursive relations on degenerate states, and the relations are powerful enough to determine the wave functions.
B. Obtaining the radial wave function R nl (r)
Recursive relations of R nl (r)
We will obtain the recursive relations of the radial wave functions from the master formula here. Note that most of the derivations are elementary. Using r|n, l, m = R nl (r)Y lm (θ, φ) and
the master formula Eq. (32) can be expressed as:
To proceed we need to work out the left-hand-side of the above equation. Using p× L+ L× p = 2ih p, it is convenient to express the ± components of the Runge-Lenz vector as
where we have defined r ± ≡ x ± iy. Consequently, the operator (A − ) op in Eq. (34) is given by
,
Using r 2 = r + r − + z 2 and
it can be shown from Eq. (37) that we must have (L z ) op f (r) = (L ± ) op f (r) = 0, which are expected from the familiar forms of ( L) op in wave mechanics as they only involve derivatives with respect to θ and φ. Note that it is convenient to use the (r + , r − , z) coordinate, as Y l,±l (θ, φ) in the left-hand-side of Eq. (34) have simple forms in terms of r ± and r:
From Eqs. (37), (38) and the fact that (L z ) op and (L − ) op do not act on any function of r, it can be easily shown that we must have
and, consequently, the left-hand-side of Eq. (34) becomes
It can be further expressed as
where we have made use of Eq. (38) and κµ/h 2 = Z/a 0 . Use again z 2 = r 2 − r + r − , we obtain
or, equivalently, [see Eq. (39)]
It is useful to note that the spherical harmonics Y l,l has the following properties:
and the above equation can be expressed as
Compare the above equation to the master formula Eq. (34), we finally obtain
These are the recursive relations of the radial wave function R nl (r) and they are important results of this section. The above relations are consistent to the results found in [4] [5] [6] (see also [8] ) using the factorization method. Nevertheless we believe that according to the properties of the Runge-Lenz vector, which is a conserved vector, the above derivation is the most natural way to obtain them. In other words, we provide a reasoning for the factorization results. As we shall see shortly they are powerful enough to determine the radial wave functions.
2. Solve for R n,n−1 (r) using the recursive relation For l = n − 1, the first relation of the recursive relations in Eq. (47) gives
3 The first relation follows from Eq. (39), while the second relation follows from the familiar relation
, see for example [11] .
Its solution is
with the normalization constant,
obtained from the usual normalization condition ∞ 0 dr r 2 R 2 n.n−1 (r) = 1. In fact, the above result can be quickly obtained by noting
± , which imply:
From
we have
Using r|n, l, m = R nl (r)Y lm (θ, φ) the above equation takes the following form:
With the help of Y l,±l ∝ (r ± ) l /r l and
we clearly see that the it is equivalent to Eq. (48).
Obtaining other R nl (r)
Once R n,n−1 (r) is known, other R n,l (r) can be obtained readily by applying the second relation of the recursive relations given in Eq. (47):
For illustration, we apply the above equation on the l = n − 1 radial wave function and obtain R n,n−2 (r) = c n n(n − 1)
and, sequentially, applying the relation on l = n − 2, we have
In principle, the procedure can be carried out to obtain all R nl (r). It will be useful to show explicitly some of the radial wave functions obtained: 
and compare them to those obtained by solving the Schrödinger equation directly, see for example, [12] . Indeed, it is clear that they are consistent with the results obtained in the two approaches. 4 It is interesting that even the phase conventions match. 
D. Wave functions in the E > 0 case
We briefly discuss the E > 0 case here. For the E > 0 case, as in the E < 0 case, one can still define 
However, now the situation is different. The above relations cannot be used to obtain energy eigenvalue as in the E < 0 case. The reason is that B (±) are no longer hermitian. The usual procedure of obtaining quantum numbers in L 2 and L z cannot be used in ( B (±) ) 2 and B
